Sharp inequalities for the harmonic numbers  by Alzer, Horst
Expo. Math. 24 (2006) 385–388
www.elsevier.de/exmath
Sharp inequalities for the harmonic numbers
Horst Alzer∗
Morsbacher Str. 10, D-51545 Waldbröl, Germany
Received 6 December 2005
Abstract
Let Hn be the nth harmonic number. For all integers n1 we have
a − log(e1/(n+1) − 1)Hn <b − log(e1/(n+1) − 1),
with the best possible constants
a = 1 + log(√e − 1) = 0.5672 . . . and b = = 0.5772 . . . .
This reﬁnes a recently published result of Batir, who proved that the double-inequality holds with
a = log(2/6) (=0.4977 . . .) and b = .
 2006 Elsevier GmbH. All rights reserved.
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The nth harmonic number is deﬁned for positive integers n by
Hn =
n∑
k=1
1
k
.
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Harmonic numbers have a close connection to the Stirling numbers of the ﬁrst kind. We
have
Hn = (−1)
n+1
n! s(n + 1, 2)
(see [1, p. 99]). The following elegant representation as (n − 1) × (n − 1) determinant is
published in [2]:
Hn = 1
n!
∣∣∣∣∣∣∣∣∣
3 1 1 . . . 1
1 4 1 . . . 1
1 1 5 . . . 1
... ...
1 1 1 · · · n + 1
∣∣∣∣∣∣∣∣∣
.
Moreover, Hn can be expressed in terms of the classical digamma function, = ′/:
Hn = (n + 1) + , (1)
where  is Euler’s constant. From (1) we obtain the asymptotic formula
Hn = log n + + 12n + O
(
1
n2
)
(n → ∞)
(see [3, pp. 258, 259]). The identity
Hn =
n∑
k=1
(n
k
)2(n + k
k
)2 [
Hk − Hn−k + Hn+k2
]
(H0 = 0)
is given implicitly in [4]. There exist several interesting series involving harmonic numbers.
Euler derived
∞∑
k=1
Hk
k3
= 1
72
4 and
∞∑
k=1
Hk
k2
= 2(3),
where  denotes the Riemann zeta function. See [5] for related identities.
More information on harmonic numbers can be found in [6].
In a recently published paper, N. Batir [7] provided remarkable upper and lower bounds
for Hn. He proved
log(2/6) − log(e1/(n+1) − 1)<Hn < − log(e1/(n+1) − 1) (n = 1, 2, 3, . . .).
(2)
It is natural to ask whether the numbers log(2/6) (= 0.4977 . . .) and  (= 0.5772 . . .) can
be replaced by better constants. The following theorem shows that the right-hand side of
(2) is sharp, but the constant on the left-hand side can be improved.
Theorem. For all natural numbers n we have
a − log(e1/(n+1) − 1)Hn <b − log(e1/(n+1) − 1), (3)
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with the best possible constants
a = 1 + log(√e − 1) = 0.5672 . . . and b = = 0.5772 . . . . (4)
Proof. We deﬁne for x > 0:
f (x) = (x) + log(e1/x − 1).
Differentiation yields
f ′(x) = ′(x) − 1
x2(1 − e−1/x) .
Applying the recurrence formula
′(x + 1) = ′(x) − 1
x2
(see [3, p. 260]), we get
x2f ′(x) = x2′(x) − 1
1 − e−1/x = x
2′(x + 1) − 1
e1/x − 1 . (5)
Using the integral representations
′(y) =
∫ ∞
0
e−yt t
1 − e−t dt (y > 0) and
1
yn
= 1
(n − 1)!
∫ ∞
0
e−yt tn−1 dt (y > 0; n1)
(see [3, p. 260]), we obtain
′(y) − 1
y
− 1
2y2
− 1
6y3
+ 1
30y5
=
∫ ∞
0
e−yt(t) dt ,
where
(t) = t
1 − e−t − 1 −
t
2
− t
2
12
+ t
4
720
.
Since
(et − 1)(t) = tet + (et − 1)
(
−1 − t
2
− t
2
12
+ t
4
720
)
= 1
720
∞∑
k=3
(k2 − 1)(k − 2)(k + 12) t
k+4
(k + 4)! > 0,
we conclude that  is positive on (0,∞). Hence, we get for y > 0:
′(y)> 1
y
+ 1
2y2
+ 1
6y3
− 1
30y5
. (6)
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The identity
1
y
+ 1
2y2
+ 1
6y3
− 1
30y5
= 30(y − 1)
4 + 135(y − 1)3 + 230(y − 1)2 + 175(y − 1) + 49
30y5
reveals that the expression on the right-hand side of (6) is positive for y > 1.
Applying (6) (with y = x + 1) and
ez − 1>z + 12z2 + 16z3 (z> 0)
(with z = 1/x), we obtain
x2′(x + 1)(e1/x − 1) − 1>x2
(
1
x + 1 +
1
2(x + 1)2 +
1
6(x + 1)3 −
1
30(x + 1)5
)
×
(
1
x
+ 1
2x2
+ 1
6x3
)
− 1
= 15x
4 + 75x3 + 149x2 + 142x + 49
180x(x + 1)5 > 0. (7)
From (5) and (7) we conclude that f is strictly increasing on (0,∞).
Since
lim
x→∞((x) − log x) = 0
(see [3, p. 259]), we have
lim
x→∞ f (x) = limx→∞
(
(x) − log x + log e
1/x − 1
1/x
)
= 0.
Thus, we get for all integers n1:
f (2)f (n + 1)< 0. (8)
Using (1), (8), and (2) = 1 − , we obtain that (3) holds with the best possible constants
a and b given in (4). 
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